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I. Introduction

A. Ferro-inductance as a Clreult Element

The 1ﬁ§ra&aaﬁian.ﬁf the alternating current distribution
system by George Westinghouse in 1885 and the development of
the tranaformer by Stanley led to an early awareuness of the
properties of colils mounted on iron cores, or ferro-resctors,
and of thelr aetions in slternating current cireculbts. It was
known that the inductance of such coils was not consbtant, but
varied with the value of current flowing, and that this was
not a linear relation, owing to the shape of the magnetization
ecurve of the iron used.

Hathematieal analysis of such elrcults leads to differ
ential equations with variable coefflclents which are almost
imposaible of solution. To overcome this barrier and %o obtain
neable réamits the engincer is agoustomed to assume the in-
ductance of the ferro-resctor as constant, thereby abﬁaiﬁiﬁg
differential eguations with aﬁn&t&wﬁga&sfxiaiaﬂta and an eaay
mathematical solution for the eireuit. This method then leads
to the use of complex algebra In still further simplifying the
analysise.

However, this analysis, in terms of complex aslgebra or
differential equations, is based on an assumption which in

certain problems cannot be supported. This assumption is that



of constant inductance, or that the value of the inductance is
not & funetion of current or time.

The incressed spplication of sabturable core reactors,
ferro-resonant c¢irenits, tuned ecilrecuilts with ferro-reasctors,
and fundemental studles of contactors and relays, have shown
the older methods of design and analysis based on the constant
inductance assumption to be inasdeguate. The present work was
undertaken to develop on an engineering haais,‘mathaaa of re-
- actor design and of snalysils of cireuits contalning ferro-
inductors, whose inductance is s function of the current

flowing.

B. Definitions

Indugtance 1s the proportionslity factor between instan-

taneous induced voliage and the rate of change of current in
an electriec circuit. That is, '

,Q:—L%
is the defining relation for inductance glving

et |

Ld% (1)

as the basic eguation for inductance.
Reder and Litscher'® have indleated a number of other

definitions brsed on use or method of measurement. Many of
these definitions are merely time averages of inductance

weighted in various ways to produce certain desired results.



If it is remembered that equation (1) is a relationship bee

tween instantaneous quantitises, then (1) becomes the funda-

mental defining relationship for inductance, and the other
types summarized by Rader and Litscher become only specilal
cases.

Perro-inductence is a term used to designate the special

properties of an inductance when iron is introduced into the
magnetic cireuit. Defining relation (1) still holds, but the
value of L, the proportionality faetor, is no longer & constang
but‘is a funcktion of i, the current.

Ferro~inductor or ferro-resctor are terms used as nouns

to indiecate colls with iron cores, having the propertiles of

ferro~inductance.

¢. Review of lLiterature

1. HNen-linear cheracteristics of ferro-inductors.

Apparently the earliest appliecation of the non~linear
voltage-current characteristics of ferro-inductors was made
by Zenneck?4 in 1809. This involved the use of transformers,
with d-o exelitation to accentuste the non-linsarity, so con-
neeted as to produce doubling of the input frequency. This
‘method became of considerable importance for radio-frequency
generation in 1915-20 and was further reported on by Zenneck2?
and Ryanl® 4n 1920. With the advent of the triode vaecuum tube

it ceassed to have practical importance although it has been
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revived occasionally for special purposes.

The first report on the phencmena present in R~-I-( series
cirecuita, in which the L was ferro~inductive, was made by
Hartienssen’® in 1910. This is the type of eircuit whieh we
now eall ferro-resonant. Starting with cirouit differential
equations and considering the eddy currvent losses he was able
to arrive at solutions for the resistance and inductance of the
reaotor, and from these solutions, to predict the shape of
eurrent-voltage relations to be expested in ferro-resonant
cireuits. GHowever, it sppears that in integrating the differ-
entlal equations of the cireult, Martienssen treated .. of the
iron as a constant, then later in his anslysis allowed it to
become a varisble, thereby invalidating his results.

Apparently the ferro-resonant ciroult with its Interest-
ing properiies of multi-valued currents was not further in.
vestigated until about 1925 when some work wss done in France.
In 198931 waWmeq publiszhed an important Ameriecan paper on the
subject, giving operating results, without attempt to develop
methods of analysis, and suggesting several applications. In
another ww%anwm he reported on an application to a sharply
selective voltage senailtive bridge and 1its uses iIn relay work.

Following the opening of the fleld of nm%ﬁai%@waawﬁaﬁ by
Sults, many other investigators guve it their attention.
wgwﬁuamam,ﬁmm the first to publish an analysis of the non-
linear circuit aetion, basing his work on approximating the
magnetization curve by two straight lines. Odesay and wsm@wwm



in 1928 developed a graphieal method of determining the eriti-
eal conditions in ferro-resonant elrcuits, but this was useble
only with a previously determined voltage~current curve for
the resctor, and does not aid in the design of the reastors.

Thomson®0»21+22 5 1058 and 1939 published a series of
papers on ferro-resonant cireults but starbed with the messured
reactance curves of a reactor. Thomson, and @%@aa&,%ﬁ& #Weber,
thus 414 not provide s fundamental design analysis or cireuilt
eanalysis. Thelr methods wers usable only after a reactor had
been bullt and could be measured, but gave no data on means by
which a reactor could be designed and built to fulfill prede-
termined specifieations. EKeller 9 presented a a&wzmamwnmww
solution of the ferro~resonsnt cirecuit differential eguations.
It is not well suited to general engineering design and
calcoulation. |

In considering the design of ordinary reactors and choke
coils, a statement from the Bell Laboratories Recordd that
such eolls cannot be mmwmmaaﬁg but must be measured under
actual operating conditions, and a statement by Hanna! that the
inductance of choke colls should be measured with a small aec

voltage, are typiecal of the lack of precision and the general
disorder of this fleld. |

It is easily seen that muech fundamental work 1s needed in
the development of methods of designing ferro-resctors to
specifications, and of the analysis of ecircuits using such

mmmm«aﬁm.
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The saturation value of the steel is 3, and 3 is the intrinsie
induction. This equation is conaiderably iimiﬁaﬁ in scope,
giving & good fit to ae&a&i atesl curves only in regions above
the knee. |

Rader and Litscherl® have used the equation:

H- k. B+ K, 3 (6)

apd while this fits the magnetization curves fairly well, it
is iﬁ@n&&ib&a of use for clrouit snalysis, as 3&11 be dis-~
cussed in the next section. Rader and Litscher used it to
obtain values of ferro~inductance, but the results are obvi-
ously in error, since they indicste infinite valusz of in-
ductance for zero current, whereas actual values of inductance
are definitely finite.



II. & MM% EMPIRICAL EQUATION FOR THE HMAGHETIZATION CURVE

A. Heguirements to be Fulfilled

If an empiriesl relation for the magnetlization curve is
to be useful in the analyeis of alternating current clreults
it must be s funection which behaves in every way exschly as
the true magnetization curve. Sinece actual magnetization
curves are "odd" functions, and dlasplay equal and opposite
effects for positive and negative currents, then the function
chosen to represent the magnetization curve must likewilse de
an "oda" funetion.

The magnetization curve affecta our electric eircuilts
only indireetly, through the phenomena of flux linkage changes
or inductanes. mwﬂwmg inductance is one of our basle ecircuit
parameters, and since it appears m&mmm@w@ww in eireuit
equations, it is obvious that for convenience alone, the
equation chosen to represent the magnetization curve should
lead to a simple expression for inductance.

If ease in eirenit analysis is the aim, then the empiri.
aww relation for the magnetizastion ourve should be chosen,
first, to yleld a simple wﬁ@ﬂam@ﬁ&a expression, and second, to
it the E@mwwwws@«»@m curve. |

Since the defining relation has been chosen as:

\p;,u..,\an &.

3
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and sinee an induced emf may be expressed as:

e

X /10

the two relations can bs equated, gliving:
d -f \

The magnetization curve is a plot of B against H, where
B 1is proportional to # and H to 1; consequently dgf/4 is the
slope of the magnetization curve. Inductance is therefore
proportional to the slope of the megnetization curve.

It is then posslble to set up two criteria whieh a
funetion, to be usafmi as an spproximstion to the magnetiza~
tion curve of a steel, must £11£111:

i. The function should be "odd".
2. "The dg/di of the function should be
mathematically simple.

Applying this test to the functions used by other in-
vestigators 1t is seen that equations (3) and‘(é) of Zenneck
and Ryan meet the first regquirement above. The equations (5)
of Gokhale, and (6) of Rader and Litacher, are sgtiraiy une
suited as tﬁey do not behave properly for negative values of
the variable. PFrolich's eguation is also not suitable by
this test. |

The second reguirement of the simple derivative is ful~
filled by Zenneck's equation (3). The derivative of the

tan~tax term of Ryan's eguation (4) leads to s term of the
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approximate & magnetization curve with a funetion involving
tanh x and fair agreement is usually easily obtained. in
equation which has been used is:

B = s Gl fﬁﬁj

whare 5 is the saturstion value of the iren.
Zork with the above egquation led to the consideration of
another function, the "gudermennian".® This function 1s

defined ag:

é?x.><= Ao (k)

It 1s an odd funetion snd has as 1its derivative sech x which

is & simpler form than the derivative of tanh x. It therefore

fulfills in satisfactory fashion the two rag&lrem&n@s %ﬁ&&

down for a function to define th@:&agnaﬁiaatiasfcarvﬁ, §§a~

viding a satlsfactory fit to ocurves for various steels ean be N

obtained. ol
arves of tenh x and gd k are plotted an Figure 1. The

values of gd x are taken from the Smithsaﬁiaa rables® and are
tabalated for certain inta@w@ia in &Q@aﬁﬁi&*ﬁ It ‘san be seen
that both tﬁg&a,tgagﬁiena ?argpig?§§a~a¢rraat manner ta~£i$;g:
magnetizetlon cirve. . - Y e
Various p@@p&ﬁiﬁa of thg gudermannian a;é“ liakaﬁ here i

since the subject is dlscussed in Ffew texts:

éyicnz.o 'é%tcfdﬂ =

-x) = - -e0) = -JL
;i(w ;ix ﬁ&@&) x
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From the definition of gd x:
Lo odx = faid.
and since

C/(nl.ixz I#—M'Z.zx

it 1is possible Lo sot up a v

ght trisngle:

+
@(J{%x ek X
v |

from which useful relationships between trigonometrlc and

hyperbolic functions cen be obtalned. From the trisngle can

i‘aw;otx=mﬁx
Sin, ?Alx = Aad x

e meen:

e

o

First attamg@& at ﬁaywé £i§ﬁing asing ﬁﬁ@ gnﬁar&annian
in an axpraaazan @f tha f@@@

B B« yi anr (8)

were auca&aa£ai ap ta an& aamewhak above the kns§(at which

point the gaéarmanniaa function saturated too rapidly. To

help in this region a linear term was added to the reletion,
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and since this resulted in three arbitrary constants over the
previous two, & better overall fit was obtained for typical
magnetization curves over very wide ranges. The empirical
equation finslly adopted was:

B=Bm3i"i:’:%+ C_If_‘/i (9)

It is interesting to note that this expression partakes
considerably of the form of the well kmown relation:

B= Q@+H
where @ 1s the intrinsic induction due to the steel and H 1is
the induction due to the sir alone. While the constant ¢ is
used to somewhat warp the gudermannian term and does not have
the value to be expected if the e/l term were astually
equivalent %o H, yet the form of the equation is physieally
correect . The cNi/l term is usually sumall enough that it may
be neglected frequently in snalytic work.

Bquation {9}, belng s transcendental relation,did not
lend 1tself b0 easy direct scolution for the values of the
eonstants Bj,a, and ¢. 7The method developed was that of s
trial process r§§ 8, after which B, and ¢ were obtained
direetly. This method 1s summarized as follows:

Select three points on the magnetization curve having
coordinates Xxy,¥y’ XpsUgt X33Vs) where x i8 on the H axis and
y on the B axis. The selection of these points is important
if a good fit to the curve 1s to be obtailned. Point x,,y,
should be chosen spproximaetely at the point at which & line
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drawn from the origin with the greatest possible slope is
tangent to the magnebtization curve. Polnmt x,,y,, should be
chosen as somewhere near or above the middle of the curved
portion of the knee and point xz,y5, at & position above the
knee and having x3 egqual to 2xp or greater.

It 1s possible, if x3 or x%p are chosen too low, to have
¢ become u negative number and this is undesirable as the
empirical curve will then droop et high values. The condition
can be corrected by choosing larger values of xz or Xp.

Having chosen the desired points then the following
equations many be written:

a, = B, ?i ay, + C¥, (10)
g = Ba ;i ax, + Cx, (11)

53 = «74 aXz +CXs (12)

ﬁultiplg (10) vy xg, (11) by x3;
XQ_LI, z&BM ?ﬂ; a'}(' + ¢ X, Xz_

x: ‘13_ = Xl Bq ?OL QX,_ + c )(, )(7_
Subtracting:
X,L ‘1' - X' ({’_ = B.“ [xz ?& QX, - X,;ﬁfaXzJ / {15)

Likewise multiply (11) by xz and (12) by xp1
XSLf)_: X3 B ;0@ ax, + CXzpkX;

X173: X2 B-.‘?d. aXz + C Xa X,
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and after subtracting:

Xml‘vn Xv%o = w\: M.Xm\&c aAx, - Xu\%\& hﬁ%wN (14)
Dividing (13) by (14):
Ray, = XY Xy 9dax, — X, gdax,

-
P

Xw<v» Xw@w Xw%&.h‘xvl XPNX.QX&

qul. - Xa kY, + X, X, Y, - Xxfp\%v%x 2Xa

= xvmxv_*_u%._?v_%%pxu + X3 Axw._?..ximv %k 4%y

(- Ki'fa) od axe = oﬁ.-gvmx»x& (v =% %) fdax, 1s)

The coefficients of esch term in equation (15) can be
evalusted and the egquation divided ww the copefficient of the
left hand term, resulting in: |

%R Axy = F %%.n:nw + \Hw N«A&x. 3.3

Values of & are then assumed and inserted in {16) until
the eguation is satisfled, thereby fixing a for the particular
steel being used. After determining a, ite value may be in-
serted in (13) and (14) resulting in two values of B, which
should check. Either equations (10), (11} or (12) may then

be used to obtain a value for e.
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D. HResults for Typical Steels

As an indieation of the abllity of equation (9) to ap=-
aroial

proximate the magnetizatlion ecurves for various comm

agnetic steels three types of stesel were selected.

types of
The first, Vestinghouse Hipersil, was selected az typical of
modern high guality transformer steecl. 8ince no magnetization
survas were obtalnable from the manufacturer the curve was
measured in the laboratery. The second stesl waa Ricaloi
(Allegheny 4750), & high nickel, high permeability alloy,
typleal of many high quality alloy steela. The magnetization
eurve was availlable from feneral Elsectrice Company curve shest
H~4306424. The third stesl chosen was common sheet steel,
representative of the poorer quality steels occaslonally used.
This magnebizatlon curve was also avallable from the General
Flectric Compsny ocurve sheet mentloned.

The equations determined for these three typleal steels
weret

ﬁig%r&i&é :

- 273 N A
B =6(S o000 id%o 2737)+ /a"’07 ()

Fiecaloly
B= 36,600 g4 (%5/’_/},4) + 6200 A/f' (18)
Common sheet steel:

- A i
B= 5o 54 0'{3”7) + zz:,_[}/_ a9
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ITI. APPLICATION T0 THE THEORY OF FERRO-INDUCTANCE

A. Assumptions

In most modern magnetlic steels the hysteresis loop has
been very much reduced. Accordingly, its effect on magneti-
gzation of the steel has been neglected in order to simplify
the mathematies. It was assumed that magnetization of the
steel throughout an alternating current cycle took place along
the normal magnetizatlon curve, rather than around the
hysteresis loop.

Leakage flux was also nﬁgl@ﬁ%s&, since 1t could not be
acourately predicted. Later tests showed 1t to be very smll,
at least for the better steels with the core arrangements

naed.

B. Permesbility

1. Normal or d-c permeabiiity.

Normal permeability is the term used to desecribe the
permeabllity obtalined from the relation:

A= 7 (20)
It is the slope of the straight line drawn from the origin of
- the magnetization curve to the point at whieh the permeablility
is desired. This is the useful permeability in direet ocurrent
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- problems.
The normal permeability can be calenlated from the
empirical eguation (8). Since:
- " v ' o f e
Bal, o, M4 ol

<

-«
B-_—_ /4,“'-‘: /(4./V4'
£
o= B gl ol a B gt Y
7 Ze— *t S en
£ , Z |
Let aNe . «
| £
then = (Q.BM ?4‘%)/0( + C - English units.

To convert this value of S s whieh is in English units, to
the mors common relstive permesbility it must be multiplisd
by 0.,31858. Then:
s 0.3/25(0:_5:*_&53‘ + c)
. X (22)
A f:ﬁ:wa of values of (pdx)}/X plotted agalnst o¢ is of
help in readily ealeulating the value of normal permeability
for any mlz:sé of magnetizing foree. Such a curve is presented
in Figure 5.
Equation (22) bas been used to caloulate the normal
permeability of the Hipsrsail sﬁ&a}. core whose magnetlzation
mrwyis shosn on Figure 2. The value of the iron constants

&, By, and ¢ are given in equation (17). & comparison of the
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TABLE 4
value of gdo( a3 8 Funetion of « .

o é?A<x gﬁéﬁi

=14
0.2 5.199 0.995
0.4 0.390 0.975
0.6 0.567 0.945
1.0 0.866 0.866
1.5 1.132 0.754
2,0 1.302 0.651
2,5 1.407 0.564
B 1.471 0.491
3.5 1.510 0.432
4.0 1.534 0.384
5#9 3«‘53? Qasll
e 1.566 0.261
8.0 1.571 0.196
TABLE 5

Hormal Permeability of Hipersil Stesl

Amp.turns éa. {mim&la’cm
per inch Mefisured Hedsured iquation (23)
English units Relative Relative
2 15,000 4700 5060
4 18,400 5140 4750
6 13,250 4150 4080
8 11,280 5530 3470
10 9,550 2980 2990
12 8,200 2560 2590
15 6,800 21350 2140
20 5,250 1640 1640

30 3,600 1130 1070




caloulated results with the measured values of u taken from
Flgure 2 1s made in Table 5 and Figure 6. Execellent agreement
is shown indicating egquation (22) is sultable for acourate

computation of u . Equally close egreement has been obtained

for Kicaloil steel.

2. Differential or s-s permeability.

Differential permeabllity is defined sas the alope of the
magnetization curve, or the permeability to small changes of
magnetizing foree. That is:

. dB _ dB
VL I d:,ﬂ’;_'

(9)

and . ‘
- ally e /V;'
B B'u gﬁe 7 + 7—-

Then (i , after maitiplying by 0.3125 to convert to relative
permeability, ia:

/U.o(, = 0.3125‘(&. B«A—”«oé. %—}/‘!'-f C) (23)

This valus of permesability iz of use in many a=-c calculations.
To show that equation (23) is correct, Figure 7 for

Hiperail steel znd Migure 8 for Nicalol have been prepared.

The close agreemsnt between the values af//zgﬂmlealaﬁeﬁ from

equation (23) and the u, measured from the slope of the actual

magnetization curves is shown. The values of the iron constants

a, Bﬁ, and ¢ are those of {1?} and (lﬁ}.
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TLBLE 6
Differentiasl Permeability of lipersil Steel

per inch Hedsured Hedsured (aledlated (23)
: English units Relative  Helative
0 14,100 4,400 5,680
b 3 15,300 4,780 5,190
2 15,600 4,870 4,860
3 13,800 4,310 4,130
5 9,200 2,880 2,660
8 4,000 1,250 1,300
10 1,780 556 775
12 1,140 356 470
15 700 219 240
TABLE 7

Differentisl Permeability of Nlealol Steel

Amp.turns ra A
per inch Heasured &mmwmwaa mwmeWﬁw@a (23)
English units  Relstive  HRelative

0.1 132,000 , 41,200 49,000
0.2 168,000 51,800 37,800
Oud 102,000 51,800 26,800
0.4 61,000 19,000 18,200
0.5 36,300 11,3500 12,400
0.6 25,000 7,800 8,600
0.8 16,000 5,000 4,800
1.0 12,100 3,780 2,980

1.6 5,800 1,810 1,930
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The slight departurs of the curves at low values of Ni/l
ig due to the reverse curvature of the magnetization curves
at low values, whieh equation (9) as the approximstion does

not maten.

2. Farro~induckance

1. fTheory

Al

The equation adopted for the magnetization aurve is:

- al. c N
B"' Bm. ;&. /( + 7

Boustion {(7) states thab:
dd &
= ‘i‘ D
L= N L

and ' '
$=AB= AB. g/ ‘-‘}u C*i”«
(24)
A4 . aABN ., .0 alld, cAN
AT T £ 7
Then: ‘
A b aile n
L = a'/o?i} N /ux/ZJ 7‘ + /524’,/; {25)

Equation (25) gives the vslue, in henrys, of the inductance
of a ferro~inductor with any value of current flowlng. The
£irst term on the right is the contribution due teo the presence
of the iron, the second term 1s the constant value of the ine

ductance if the iron is removed, leaving an air corve.

i



S8ince the maximum value of sech x is unity and oceurs
for x equal to gzero, then the maximum value of the inductance

ocours &t zero current and ig:

aABN  cAN

Mt /o';€ 2N

Actually, due to the small reverse curvature of the magnetl-

kN

(26)

zation curve near zero, the maximum measured inductance oceurs
not at but near gero. Ordinarily this diserepancy is so small
as to be overlooked, but it 1s interesting to note that the
valne as given by (26) usually is very close to the maxisum
measured value of inductance.

By noting that sech o© equals zero, the value of ine
ductance is seen to be never leas than eéﬁgfl, or that of the
¢oil with an alr eors. High values of current can reduce the
effectiveness of the iron to zero, but can never reduce the
induetance value below that of the coll on an air core.

The equation (25) 1e a simple expression for the caleu-
lation of ferro~inductance. By its use an 1@@&&tar can be
deslgned in advance of construction, $o have a given inductance
at a gilven value of current, the only data required being the
congtants g,ﬁa and ¢ of the pasrticular type of iron to be used.

The aaauwaey of (25) is demonstrated in the following

gections.
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2, Hethods wm measurement of ferro-inductance

The statement of mmwmmq‘ that the inductance of ferro-

inductors should be measured with a small a~c voltage, or the

Bell Laboratories Record?3 statement, that ferro-inductors can
be measured only under actual operating conditions of current
and voltage both indicate the lack of precise knowledge and
the difficulties %o be encountered in the measurement of
ferro-inductance.

Ordinary a-c bridge methods, whether used with a small

w:m,«aww%mm or not, are not suitable. The wvoltage applied to
the inductor varies as the bridge 1s w&w&mhaa* changing the
.dﬂw&@ of inductance, which changes the balance value and re-
sults in a sliding balance point. This 1s especially true for
high permeability steels. If balance is reached, knowledge of
the actual current flowing through the reactor is not ob-
tainable, and the valus of uﬁﬁaawmwm@ means nothing.

A bridge especlially ﬁmmmmwwm for thie?5, and including
means of measuring aw-c and d-¢ currents still overlooks a
fundemental point. It may give information on the effective
wmwﬁa«w%am under the particular operating conditions but it
gives ub_mwﬁw to a means for determining the inductance under
quite different @@@%wmwm% conditions. Such a bridge actually
measures the slope of the major axis of the hysteresis loop
veing traced in the iron. This slope is not a simple function
of the current flowing, so that data cannot be extrapolated to

a different set of ourrent conditions.
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Heasurements of inductance by mmasayamaﬁt of impedance,
using very small values of a=c voltage,are not satisfactory,
always giving values lower than predicted by (25). This is
again due to the faet that the a-c method 1s messwring the
slope of the major axis of tﬁé hysteresis loop, and this slope
is always less than thet of the magnetization curve at the
point, yielding & lower inductance value.

Equation (28), hwavér, provides a means for caleulating
the 1&&&6&&3&& under any desired set of conditions, and
therefore is & more fundamentsl and basic relationship.

‘ It was necessary to develop a new mgﬁhéd by which ferro-
induetance could be messured at any value of ourrent or anpere

ﬁuras. ?his new method was based on the relationship:

| = Naw)(lo

From this, it can be seen that the induetance can be measured
at any value of steady ampere turns, if a dif ferent 1al change
in current be made, the resulting differential change in flux
measured, and the ratlo taken and multiplied by HN.

For aeaﬁrata measurements of the differential current
change it is moat convenient to use a three coll arrangement
as shown in the cirouit diagram of Figure 9. The steady d-e
ampere turns are applied in éeix Ny, the different ial eu?renz
change is made in coll Np whose inductance is to be measured,
and the tﬁird coll Ny is for ballistic measurement of the flux
change with & galvanamgtav. v?ha ampere turns of the first and



" Np AMPERE TURNS MUST AID N, AMPERE TURNS

—

" Pig. 9. Cireuit for Measurement of Ferre-d
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second colls must be connected to ald.

The procedure for measuring the value of inductance at
one value of steady ampere turns is as follows:

With switoh 8y closed, open switch 8y, and close switch
8s and adjust the value of current to give the desired
different ial ampere turns in coil K,. Open switeh Sg.

Demagnetize the core thoroughly with a heavy application
of a-c ampers turns which are slowly reduced to sero. Close
switoh Sy and increase the current to gilve the desired value
of d=¢ smpere turns at which the inductance 1s to be obtained.
This value must alwaeys be approcched from below, and if passed
accidentally tho core must be demagnetized and the procedure
repeated.

Open the galvanometer shorting switch 3z, then elose
%ﬁmn 8p and read the resulting ballistic throw of the galva=
nometer. By use of the galvanometer calibration constamt K,

the flux change can be obtalned and substituting in

L= Ngdwe

L

where W is Ng, the turns in the current changs coil, the
inductence is easlily computed.

‘The method 1s based on the faet that after demsgnetization,
an iron core is magnetized along the normsl magnstizetion
curve, and the differential change is made in an additive
manner, taking the Iron further along the normal curve. In
this way the effect of a hysteresis loop is eliminated and the
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inductance is measured in a manner agreeing with the theory
and the assumptions.

The galvanometer ean be calibrated by use of a mutual
inductance, btut since eagaaitéra were more readily avalladble
they were used. The deflectlion o of a ballistic galvenometer
is proportional to the charge Q that passes through the

Q= K«

If s condenser of known capacity € is charged to a known

Q= CE

and the constant K becomes:

galvanometer

voltage E then:

f<'= gifi eculombs /om. (27)

For the galvanometer used this conatant was determined as
0.215 x 10™® conlombs per centimeter.

The charge Q pessing through s ballistic gslvanam&%ar
when the flux linksges in the clrcuit changs from Nff to Ngp

(:P‘: /V<$,* /V‘ﬁz = N ‘3f#
R N (28)

where R 1s the resistance of the ballistic circuit. Equation

is given by:

(28) gives a result in electromagnetic units, but a change to
practical units gives:

. N=9 |
Q = JotR coulombs (29)
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and since

S = k<

then

B 4
NAC}S: RK K x 10 (50)

is an expression relating the galvanometer deflection to the
change in flux linkages producing it. This equation (30)
gerves to caloulate the 4>d chéag@ in flux produced by the
differential change of current.

8ince the differential ocurrent end flux changes must be
measured in finite guantities the guestlon arises of how large
can a differential change be. It would seem reasonable that
the smaller the size of the change, the nearer it comea to
veing infinitesimsl, the more correct would be the results. |
Or, that as the size of the change was reduced, the inductance
mﬁaﬁﬁ?&ﬁ'Wﬂﬁlﬁ approach a ¢ng§tana value, xn'pgaakica this
turns out not to be the ease; the differential chengs can be
made too small, The resson for this has not been determined
but may be due to steel characteristics or the apparatus used.

The curve of Figure 10 shows the inductance values
measured for one particalar coil when the slze of the differ~
ential change of ampers turns was varied. It can be seen that
if the differential change is too smll, the inductance
measured is low, but as the differential c¢hange is increased
the valune of inductance rlses and reaches a constant value,

then begine to decline as the change becomes cuite large. The
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does accurastely prediet the value of inductance of a c¢oll at
 any value of ampere turns per inch, then the results of the
measurements made by the method just desecribed should check
values computed from (25).

Tosts were run using the Hipersil core wih constantse:

a - 0,273
En" ﬁﬁ;%ﬁ
¢ - 180

1 - 13.15 inches
A - 1.87 square inches
The tests were with a coil of 156 turne, using a AN/l
of both 0.118 eand 0.238 ampere turns per inech with identical
vesults; ard a coil of 312 turns using & AKNi/1 of 0,236
ampere turns per inch. The vesulias of these tests are shown
by the solid line wrves in Figures 11 end 12, compared with
the theoretical dashed line curves computed from (25) using
the constants above for Hipersil steel. Tables 9 and 1l show
the seta of data taken for the molid curves of Figures 11 and
12, using the method developed for measuring the value of ferro-
inductance. |
Close agreement between measured and computed values 1is
obtained over most of the range, resulting in a satisfactory
e&aa& of the theory. These curves substantiste aisb the

measuring method developed to obtain this data.
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TABIE 11

%ammﬁm@ﬁwﬁw of Ferro~inductance

Reactor #1, 3512 turns on Hipersil Cors

Amp.turns

I30 Galv.throw R A¥ad ARl L
per inch , Gn. Ohms _ ,m Henrys
Ny=156  Np=312 Nz~ 968 xo® ag  xo
0.6 0.010 16,3 20,170 7.06 7320 2.27 2487
1.2 " 16.5 " Ted8 7410 2.30 2,30
1.8 " 1643 # 706 7320 2.27 2.27
2ed " 16,0 " 6.92 7180 2.23 2.23
S8 " 13.6 # 5.890 6100 1.80 1.80
4.9 " D.1 " S+84 4080 1.27 1.27
6.1 " 1l.4 10 wm.«wﬁ 2 Q%W 2880 0.80 0480
TS # 6.9 " 1.81 1560 Q.49 0.49
B.6 " 8.5 6,170 0.94 970 0.30 Ce30
99 " 5.8 ® 0,865 668 0.21 0.21
11.9 ® 8.8 2,170 Q.41 429 0,13 0.13
TABLE 18
Caleoulatsd Ferro-inductance
Reactor #1, 312 turns on Hipersil Core
Amp.turns aNi sech aNi 180 3, aAByNesech s§t _ L
per inch 1l 1 8 . ™ Henrys
0% 1
O 0,000 1.000 0.0849 2446 2.48
2 0.546 0.8686 " 213 2.15
4 1.082 0.803 " 1.48 1.50
6 1,638 0.374 t m&w& 0.94
10 2.730 0.130 # 0.32 0.35%4
12 3.876 0.076 " 0.18 C«20
15 4,095 D.036 " .09 0.1}
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D. Energy Storage

The energy stored magnetically in am inductance is
frequently of i
be abﬁaimé; Neglecting resistance voltage drops, the energy
stored in a ferro-inductor is given by:

ortense. in expression for this can readlily

Energy = C = f 2 £ ot ?/
-]
and if the qﬁz/lt‘l m m msle@ma in m ferro-inductance
relation (25), then:

- ol
P= AB jd F

= 0{% ?Aq%‘\
then N /ip -ld y
C= jot) an #" A 4
The @ﬁ'mmmm may be expanded as a series:
61 o _
?d' :‘}314 /9'5 (o(‘?) ,'u(.(ﬂ../ Sowo (A-ﬂq.) 'f"”“ (32)

Upon mm thia series and integrating, the energy beems*

Y A ?
P A I SR LA ST *j
/ofs. | 248, &7@&.)3 z% Qqa;) #0320 @8..)7
» Mamwemﬁsm”amnoaettmu in an
inconvenient form, but flux may be expressed as a function
of current amd the expression becomes:



0 [ od® a/m ¢ o ¢ N’ &l
¢ = ﬁ‘g—"‘"“—; ?la,:_l\é+?4 Lyl pd i
10’ 2y rey MOme T (33

This is the energy stored in the mawﬁa Tield &nrins a
ahmge in current from zero to i.
E. Value of Inductance for Applied Sinusoidal EMF

Consider the ecireuit:

T

with _ 2= [F. Can wt
and ueglwﬂns the resistance of tize reactor ané e&muit,
equation for the flinx present in the iron can be written:

‘ ,f / -
Ci)zL—O‘—toCT= 18 [ £ e wT df
N ) N

qS = g..,..._ A W"é ¥ =10 ¥
| N - (34)
By the expression for the magnetisation curve:

C{)'; A’Bm ?d_ a/V4 CA/V,(.

and ordinarily the last term on the right can be neglected as
very small. This term will be neglected in mich of the
material that follows,
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Then: /

al\h'
CP = A Bm ?& 7

N
e &

Prom the properties of the pudermannian s right triangle
ean be drawn (see Part II, seocbion B} .

W
oA .
. aNe
.
7
where . ; %,‘ é
S = Z T As.

and from which it can be seen that:

I . S

Conds ‘-‘%‘- A AP, (35)

Substituting (34) into (35):

o, e e Em 1o’ e wt
, A w ABN (36)
Then equation (25) for ferro~inductance, again neglecting

the term containing e, becomes:

LA ) . 2
L- a,AVB.,N/w% @fﬂ/‘ . AL E. 10 st
e s Lo A Ba N
Bow 1t 15 hnown thats |
w(x’“":“/"): L(F)—PQ-\Z_Q‘)%?_AJ—#QJ;@) ety +~-—

(37)




&0

where J,(x), Jdglx), Jg(x)..... are Dessel functlion coef-
ficients which can be readily evaluated from bulles of the

funetion. Consequently the sxpression for inductande becomes:
' L & & ‘
a AB, N (Emzo I, (Eete)
. AR Ewmll EmtZ o 2wl

- , ¥ .
+;2n/;, %)cﬁtfw'f+ ————— ] 8)
This shows that, for a simsoidal applled voltage, the
inductance of a ferro~inductor consists of a conatant term
plus slmusoidally varying terms in even harmonies of the ap~
plied freguency. This provides an explanstion of the scurce
of the harmonic components appearing in the current that flows

through the reactor.

¥. OQurrent Tlowing in & Perro-inductor, S8ine BEHMF Appliled

Again assume an emf of:
L2 = E;¢% Corwl
applied to & ferro-reactor and neglect the resistance of the
eirenit, also the CHi/1l term of the flux equation. Then from
the preceding section the flux is given by (34): |

e
(;g: (0 Ew ool
co fY
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R

) F
d. % - /0 Em . Ut‘
f 1 WAB‘MN

/0 B en 4
2 a/\/f (AB.. w)

Equation (39) 1s an expression for the current that will

(39)

flow in the rea%ﬁar under the assumptions. It will always be
larger than the actual current duse to the neglection of the
effective resistance of the reactor. Because of the nature
of gd~! it is obviously non-sinusoldsl.

Frequently 1t is very desirable to be able to calemlate
the values af‘t%a harmonic components present in the current
and these can be obbtained by further analysis. The series

expansion for the anti-gudermannisn is:

3 -

5{" AL el e
s ALt T 4 T v o ————
j A LY S o%0 (40}
Then writing for simplielty:
T wABN (41)

equation (39) becomes:
'e

,{% —’E—[Gmu/t—r Q_';:u.?wf + G Mfuf+ &/ G;'—@Lt R
an b 2

So44o (42)
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By subatituting for the trigonometric relations their
 identities in terms of multiple angles:

‘:i * 'C 633 . t-___l‘ R k
“ an [Gmmw +-/—E(,f,¢u~w lf/bw.?ou‘é)

3
4 %.f (T'EM St = £ ain3ut +7{.‘M.Wt)

+ 0’67(.,/042«-7“;& 1 aeswte2l st . )
So¢o by +6:‘f (oyf/w w +bymejt

,.,,.,.«i
+—-'--- - - e e e e

and after collecting terms:

iz (G’L—@*B*&(*h———-——"u”a; ~~~~ ) i et
anN F /42 322000
3 ,
~<@+56{+ jago G ) 3wt
t 36 3aap00
(G s #226" L\ st
384 322000
— [ & 6’ + m e m - )M VL7 A
322000 (43)

Equation (43) gives the values to be expected for each
harmonic component in the mwéﬂt, It shows that the
freguencies are odd harmonies, and alternate in algebraic
sign, as is well known for this ocsse.

In Table 13 is presented an analysis of input current
waveforms for sine applied voltage. The analysis was made

with 8 General Radio Viave Analyzer. For comparison there 1s
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also presented the caleulated analysis of ?h& current waves,
using equation (43). Reasonable meeuracy is obtained, and
could no doubt be improved if more terms of the ambi~
gudermannian series were taken, since the terms in some of the

harmonic coefflclents converge rather slowly.

TABLE 13
Harmenic inalysis - Inzut Current
Reatkor #1 - 1566 turns, Hipersil Core

%

Voltage applied 60 rms Voltage

¥easured Uanleuleted ?ﬁe&mz‘x" cmlaé -
RM8 total I 0427 0.31 0440 0+53
Fundamental % 100.0  100.0 100.0  100.0
'z"!:;mé; Harmonie % ‘?;é T8 20.4 17.5
Pifth Harmonic 3 1.8 0.9 8.7 2.7
Jeventh Harmonie % 0.4 D4 Bl 2.1

One other important sourece of error is represented.
Eguation (43) was developed under an assumption of negligible
reaisténm, Actually it 1is impossible to separate a ferro-
reactance from its assocfated effective resistance for
purposes of measurement. The effective resistance of resctor
#1 1s not negligible and conseguently the actusl currents
flowing are less than predicted by theory. The offective re-

sistances ars approximately 32 ohms for the 60 volt case and
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20 ohms for 83 applied volts.
Equation (43) does have considerable value, however,
since there 1s no other method avallable for determining the

current components or the total current.
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where e = Ey sinwt. 1If, hovever, a slnusoldal current is

agsumed

N

= _Lw/uwuut

- Lw C;wwf

P

~,

b

and substituting these values, (44) becomes:
QN i w-t -
<yDIgAmi(_i%gﬁL)cwwt+ﬁIvmwwt-%%%thz‘é

~ a//VI...(A,.,.:wt ___I__ -
RI st + I, (wDased M L *wc) crwl =2 (48)

Por equstion (45) to be fulfilled, ¢ must be non-sinusoidal.
?his equation 1@ of little practlical interest asince ordinarily
it is the voltage which is avsilable as & simisold, not the
eurrent. By use of & distorted voltage, applled to such a
circult, a sine current could be obtained, tut s different
distorted voltage would be required for every case. This is

impraetical for general use.

B. éﬁggﬁaﬁiaﬁ to ﬁg&.?aluﬁi

Equation (45) 1s so similar in form to the conventional
circuit equatiom:

RI+J(wl-L2) =€ |

| N we (46)

involving rms values gi_eggwant and voltage, that it should be

§asaih1¢ in some &aﬁﬂ§? té?§riﬁga the gap between the inatan-

taneous quantities of g4§} ?¢§ éga‘rwa quantities of (46).
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The value of L is seen %0 be the major difference in the two
~ equations.

Inductance as determined by the ferro-inductanee relation
{25) i1s an instantaneous qm‘biﬁy; dependent on the instan-
‘taneous value of a varying curremt. Over a cycle of current
variation the ferro-inductanee changes through a considerable
range of values. Its effect in %he,aimit; then, will be some
sort of a welighted average of the values taken during the
current cycle, or , through the ferro-inductence relation, a
weighted function of the current or ampere turns.
agnitude of the weighting factor will depend on the
manner in which the inductance varies with the current and
this is fixed by the magnetization curve. The factor in the

inductance relation which reflects the shape of the magnet-
ization aur% is sech {aNi/l). Consequently if a weighting
fastor is presemt, it will appear in the angle of the hyper-
bolic secant as some factor "k". The effective value of induct-
ance L, then may be writtem as:

l—-_sz.—f DM JQ}NI (47)

where I is the rms value of curremt. _ |
Based on this argument snd the similarity between (45)

and {46) it scems reasonable to assume:

=
| = — 2 (48)
PR
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where E and I are effective values and k 1s the weighting
factor for a particular steel.

The impedance of a ferro-inductive c¢ircult then becomes:

Z =~J/?a+-(yJEumaZIJ%?Vr—dﬁjz'ﬂ

(49)
for a particular value of effective current I. The re-
sistance term R includes the offective resistance of the
reactor as well as any e:.ornal resistance in the circuilt.

Since (48) is an assumption, experimental verification
mast be obtained.

G betaﬁmiﬁgﬁiaﬁ of Effective Resilatance

Before compubting the sffective reactance of a ferro-
induetor it is necessary tc be able to calculate the effsctive
resistance. Preferably, this should be done directly from the
design data of coll and steel chosen.

It is customary to caleulate the effective resistance Re

by definition:
K- %
2 IJ’ {60)

where W is the wattage dissipated in the reactor and I the
effective value of the fundamental component of current.
However, the fundamentel component is not easily obtained, the
effactive value ﬁf}tﬁé distorted airrent waveform usually

being the only information directly available.
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When & xarro~indaﬂtor is in serles with another Impedance
soross a sinusolidal voltage, neither the current through nor
the voltage across the fervo-inductor is simssoidal, in
general. Therefore the flux 1is not sinusoidal but 1s made up
af the fﬁﬁd&megtal plus harmonie freguencies. The total iron
losses vary as some power of the freguency, the exponent being
betws&n one and two. They also are considered a funetion of
the peak flux density. The peak flux density can be measured
by means of a peak reading vacuum tube voltmeter, if the
magnetization eurve is available, but this is not a convenient
method. For convenience of measurement, the rms current,
voltage ané the power ars most readily obtailned. Consequently
the relstion between rms current or ampere turns end watts
loss for such distorted flux waveforms would be interesting
sinee 1t would reflect not only the variation éf the iron
losses with waveform, but also the variation of iron losses
with peak flux or peak current.

A eircult using s resistance R in serles with reactor #1,
156 turns, and voltmeter, wattmeter and smﬁater'was set up.
Simasoldal voltage of varlable magnltude was applied from a
source of execellent regulation. The resistance R was used in
order to change the voliage waveform, and fhus the harmonie
content of the flux. The current waveform could be made to
vary over a conslderable range from almost sinmusolidal with
high series resistance snd voltage, to distorted, with as

high ss 304 third bharmonie, with zero resistance in series.
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To determine whether s wrrent could be used as a
parameter instead of the harder to measure peak flux density,
data were taken for curves of iron losses plotted against both.
Pigure lﬁ‘ahawg the results of iron losses per pound of iron
glattéﬁ against peak flux density for valﬁas of series re-
sistance Q-ﬁaryiﬁg from zero to five hundred ohms. \%hia glves
the ﬁariaiiaé in waveform mentioned above. The welght of the
core of reactor #1 was 6.9 pounds. PFigure 14 is g similar
curve of iron losses per pound plotted 8gainst rme ampere
turnﬁ per inch.

7 Figﬁrakls shows some variations as the waveform variles,
indleating moderate changes of losses with percentage of flux
harmonics. Iut figure 14 plotted against rms ampere turns per
| inch shows even less variation for the same wave form changes.
gviﬁaﬂtly the change in the losses with frequency is somewhat
‘eamyanaaﬁﬁﬁ @? the aecﬁm§éﬁying change 1n peak factor of the
aﬁrrent;

Since the rms current is sc readily measured it seoms
deairabl&”ta»naa‘aurvaa of watts loss per pound vs.rms ampere
turns per inech as the basis for computing the effective re-
sistance of ferro-reactors in the design process.

To compute the effectlve resistance of a reactor during
the design of a clreuilt, sguation {50) may be used with I

ag effective value:

ﬂ ,
’(\)—z - I:-— {ﬁ{}}
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If W, from previous measurements on the iron, can then be
expressed in terms of rms ampere turns per inch, the
effective resistance of a resctor for any velue of current
msy be obtained.

~ Figure 14 can be approximated to a fair degree of

ageuracy by s power series of the form:

W/%: Kﬂ%@ + /(L@/]g): - —— - (51)

This then gives sa an expression fur Iy the equation:

RZZQZ- = A: 4%; + kL(g%;Z)L

I—;b
R/ = KN . KGN (52)
/’Zﬁ XL * Ve

One test of an iron is sufficlent to obtain the constants
Por the Hipersil core a satisfactory average curve gave

values for 'Kl and Kg which led to the equation:

W/ = 023 NT _ o 0O7FY¢ / L) + - -
s E o3 (53)

A curve of this egquation is shown dashed in Pigare 14, drawn

from dsta in Table 16. The effective resistance of a reactor
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TABLE 14
Iron Losses Per Pound vs. Maximum Flux Density
Reactor #1, Hipersil Core, Welght 6.9 Pounds

R Trms Toeak Nlpealk Brax w/1lb,

Ohms amperes smperes T iron Loss
0 0.20 0.25 3.0 45,000 0.28
n 0.30 0.42 5.0 71,000 0.58
" - 0.40 0.65 T T 89,000 0,83
" Q.50 0.80 10.7 96,800 1.00
n 0.60 1.15 13.7 100,300 1.11
" 0,80 1.865 19.5 104,000 1.23
" 1.00 2.16 25.6  106.200 1.32

80 Q.20 0.28 3.0 45,000 0.28
" 0,30 0.42 5.0 71,000 0.58
" 0.40 D.83 5 88,700 0.84
" 0.50 0.87 10.3 96,000 1.01
" 0.60 1.09 12.9 299 %GO 1.15
" 0.80 1.82 18,0 Hﬁwumam 1.34
" 1.00 1480 22.5 105,000 1.49

500, 0.20 0.32 38 87,000 0.28
o 0.256 0.42 5.0 71,000 0.486
" Q30 0,50 : 5.9 79,000 0.59
" 0.35 0.862 T3 88,000 0.70
" 040 0.66 7.8 20,000 0.84
" 080 0.81 9.6 95, Q@O 1.07
® .60 0.96 11.4 97600 1.22

on Hipersil steel then is:

A\Wb = 0.213 N _ O.007F% \<.~.
\\Q. LT W as (54)
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TABLE 15
Iron Logses Per Pound vs. RMS Ampere Turns Per Indh
Reactor #1 - Hiperall Core, Weight 6.8 Pounds

Ohms 3 Iron Loss
0 24 Q.28
" 4.7 0.83%
" 7« 1,11
" 9.8 1.23
" 11.9 1.32

290 244 ' 0.28
hd 447 0484
" 7T+l 1418
n 9.5 1.34
" 11. 148

500 2+4 0,28
" 248 Q.59
" 47 0.84
" 5.7 1.07
" Tl 1.22
“ 77 1.50

TABLE 16

Calculated Iron Loss Per Pound From Equation (53)

HI

s #/1b.

Iron Loss

:

0395

0.725

1.00
1.35
1443

5 g

Bt
ROLOE N
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An experimental check of equation (54) was obtained by
measuring the iron loss of reactor #l, 156 turns, computing
the effective resistance by Kg = W/I? and plotting it as the
s80lid curve on Figure 15, from dats in Teble 17. The dashed
curve was computed from (54), ueing a weight of 6.9 pounds of
iron.

Very close agreement with theory is obtained except at
very low magnetizing forces, where the empirical curve is not
a pgood fit for the iron loss curve. This saffects only a minor

portion of the operating range of the reactor.

TABLE 17
®ffective Resistance~Reactor #1 ~ 156 Turns
Measured and Computed from Re = W/I%

5 A W ‘ R
Trms | ‘mwau Iron Loss Ohms
: -
0.2 2.4 1.9 47
0.3 3.6 4.1 46
0.4 4.7 5.8 36
0.5 5.9 7.1 28
0.6 7.1 7.7 22
0.8 9.5 8.6 13
1.0 11.9 9.1 g

To further check equation {54) the work was repeated
with a coil of 312 turns on the same core. The results again

checked very closely and are shown in Flgare 16.
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TABLE 20
Effective Resistance-Reactor #1 - 312 Turns
Computed by Rauabion (54} |

§Xr§g ﬁ@
. - Ohms
a 382
4 175
8 108
a 75
10 54
12 40
14 30

ja F@rrgwrs&@taues

A discussion of ferro-reasctance and of the design of
units to glve a speeifled value really hinges on the proof
of existence of the weighting factor "k" of equation (47).

In other words can & value "k" be found for which

X = wD ek, A}Nr Ghoms {55)

for all valugs of 47
The effeotive reactance can be obtained by measurement of

impedance and using the relation that:
X = \} z* ﬁel

where Rg 1is obtained from Ry= ¥/I°. The calculated values
can be obtained from (55) after finding s valus for "k".
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TABLE 21

Meagured Reactance of Reactor #1 - 156 Turns

Volts Amperes KL W R,_¥%
wfﬂﬁi Watts 8= -
1 1 Z
Ohms Ohms
46,0 0.20 2.4 1.9 47 230 226
68.5 0.30 3.6 4.1 46 228 222
80.5 0.40 447 5.8 36 201 1388
87.3 0.50 5.9 7.l 28 175 174
90.0 0.60 K% 7.7 22 150 150
98.0 0.70 8.3 8.3 17 131 131
94,0 .80 2.8 B4+6 13 118 118
95.0 0,80 10.7 8.9 11 105 108
96.2 1.00 11.9 9.1 1} a6 96
TABLE 22
lleasured Reactance of Reaector #1 - 312 Turns
Volts ' re NI W :
olts Amperes LN - Wabbs Rg . ¥ 7 X
1 1  Obms  Ohms
87 0.310 2.4 2.0 186 870 850
1860 0.20 4.7 5.2 129 800 790
175 0.30 7.1 745 83 585 878
182 0.40 9,58 8.3 82 456 450
187 0.50 11.9 9.1 a6 374 373
189 0.60 4.2 9.5 26 308 308
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Tables 21 and 282 give messured values of resctance for reactor
#1 with colls of 156 and 312 turns respectively, on the
Hipersil core. These values are plotted as solid lines in
Fipgures 17 and 18.

From Figure 17 "k" can now be computed from the measured
curve., Arbitrarily choose a point well out on the resctance
curve, say at 10 ampere turns per inech, st which point the
resctance ia 112 ohms. If a value "k" exists then this value
af reactance, and all other polnts on the curve, should be
predicted by equation (55):

X = wD . ael, ,&aNl‘_ /14,

= at 10 amp.turns/inch.

= 377

2
D= 2ABN" 0.273x 187% 65000 X /56>
1067 /3.5 x 70

wD= a3a2
222 asd, 2,794 = /12

ascl, 2.73 4% =~ O #po
From Tables:

/362

2.73 Ao
4

Another check on "k" can be obtained from Figure 18 for

i

il

o850

the 312 turn coll on the same eore. (hoose the point at 10

- ampere turns pﬁr Mh at which the reactance ia 423 ohms:

)( wfb/mﬁ, .373//& 423
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menmufacturerst data are unreliable in predicting the performance
of an actusl core with air gaps uneveidably present. For the
magnetization eurves empirical equations were caleulated and

consbtants for the reactors were as follows:

Reaolor #¢ | Reactor #%
Core: Ticaloi Core: S8ilicon steel, saalysis
‘ unknovm.
Turnsi 180 Tarns: 140
Constants: & - 2.46 Constants: a - 0,804
By = 25,300 By = 22,700
¢ =~ 4,100 e - 1,750

Magnetic length - 7.0 inches Magnetic length ~ 10.8 inches
Cross sechion A « 0,42 sq. in. Cross section A - 1.52 sgq.in,
Constant k - 0.415 Constant k ~ 0.304

The three rsactors used cover a wide range of character-
istice, including a high permeability nickel oteel, a high
quality transformer siteel and a very ordinary silicon steel,
asg wali as covering a range of physical sizes as shown in the
photographs, Mgures 19 and 20, Piéara 19 shows the form of
split core, with a ground joint, used with the Hipersil core
on reactor #1l. The other cores are conventional, of E and I
panchings. ‘

The data for the measured reactances for reactors #2 and
#5 are given in Tables 25 and 26. From this data computations
for the ?aina of -k were carried out and values of k = 0.415



Fig. 19. Reactor #l.



7

Left, Reactor #3; Right, Reacter #2.

Fig. 20.
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for reactor #2 and k = 0.304 for reactor #3 were found. This
shows that over s wlde range of steels, the value of k does
not change mummww%‘ Since the magnetization curves were
measured with and ineclude the effect of incidental air gaps,
the latter factor may be responsible for a considerable part
of the change in k.

Using the above values of k the reactances are calculated
and shown in Tables 27 and 28. The measured values are thenm
plotted in Figures 21 and 22 as solid lines, and the computed
values ss dashed lines.

The experimental evidence seems to definitely establish
that a factor k does exist as a weighting factor, permitting
caleulation of the effective reactance in a-¢ cireuits, for

any desired value of effective current flowing through the

ferro-reactor.
TABLE 25
Meamsured Reactance-Reactor #2
Ricalel Core
Jolts Amperes K W R, _W
, Trms Watts .@.,mm
1l : 4 X
Ohms Ohma Ohms
4.3 0.010 0.26 0408 5 430 425
79 0,020 Q.81 0.2 « 125 395 380
10.9 0,040 1,03 0.8 | 83 273 247
12.5 0,080 1,54 04 63 208 191
13.4 Q80 - 2.06 0.5 50 187 158



—— MEASURED |

~-==COMPUTED -

o S5 .

Yo 64 08 l,a 15’

30 24
INCH RMs

”ﬁ .

T——MEASURED

160——

- *;"_;--',’,COMF;UTE‘D

IR~

W
W

- VY 6 8 10 iz
*;' AMPERE TURNS PER INCH - RMS




i

e

LTT $3*0 008

et 1%°0 08*1T

15 OG0 0oty

ee ¥LTO 080

08e ¥8*0 09*0

STy 38°0 0%*0

0% 88%0 080 .
08% 001 000

SR T

°x By g -

08% = @M ‘QTI%*0 = 3 ‘euo) TOIBOH
3# 2090V0U~EOUBJOBOY POJBTNOTED

L3 VL
88 gg o1 3*9 $°0T 08°0 . 9'8%
29 99 1 L% 8L 09*0 8 8g
3k %L 91 0*% g*9 08*0 8°9¢
a8 g8 02 g*e¢  g'g 0%*0 8*ce
66 20T 83 9°3 8¢ 0g°0 0'1e
021 821 g% 8°1 92 03*0 g*53
191 091 4 8°0 g1 o1*0 o*9t
SW0 - 51% (5] BUWUO
X z mm. . #3485 .-
i % yn  sexedmy  s3ToA

8407 10635 UCOITIS
¢f J030BOY~00UBIOBON POLNBEOH

98 FTEVL

08



X+ = Z

IWOIT POSBTNOTED
souspedut ouj ysTa peaedmod Sem entea eouspedwy STYI *SOUBLOBEI

~0II0] DUY SOUBLSTSOX JO 4TNOITO SOTIes ¥ U I/ = § eouwped
-uy sys ogndwoo Of JIOPIO UE ueey oZem Bae( *gues ed uweq weys
SE8OT POONPOIIUT JOLID oYY meﬁ. 0y 5% %ﬁ@k ITBWE B YOS JI0AO
ArTeunsn ST 8T Luq sFuwyo Lew X Mm, onTeA By “peamoss uesq sey
quyod mﬁﬂu, e3nzex ATTI030BISTIBS OF SOUSPTAS ﬁ@#ﬁmﬁgg |
+afueyo few Xojouy Fuijgudtem eyy Argusutbes
~I00 ©UY SOUTS ‘JI040WEX OYY ULTM SOTI0S UL SOUBLSTSeX JO 8980

BU00 puw *gwgm& guex

ey ug se peyrdde sy sFej[oa TEPIOSNUTS-uOR usyr oFuweys Lew X
Jo senTea jeyy pue seFusToA TEPTOSTMTS potrdde ygTM LTeATue
ueeq oaBY SHOLUD eseyq 38l mﬁma 8q Aem quesmige swous

e 61€°0 A

G £€IC°0 ot
29 9tyro 8
68 c09°0 9
TIT 08L*0 ¥
A ¢ LE6*0 2
6¢T 286%0 T
FA Y amm;m, 0
T
suqgo - L

o § INeX yoes SUITR

eV & A™M*H0€*0 = X ‘0J0) [ee3S UODETES
¢# T0q0BEY - SOUBLOVAY DOGEIROTED
82 ETEVE

18



82

using (54) and (55) for computing Ry 8nd Xy . The results are
tabulated in Table 29 for comparison. Agreement in all cases
13 better than 8 per cent, the greatest error oceurring for
the high resistance case, in which the waveform of current was
the most nearly sinusoldal. This iaﬁie@tas a2 nepd for s
slightly modified value of k, but since the error is so small,
and sinee not much further change in waveform could take place,
it is felt that the single value of k for the iron in this

reactor should be a&tiafaatarg‘far all cases.

TABLE 29
Comparison of Heasured and (aleculated Impedance
Beactor #1 - 156 Turns

Amperes Volts NI, Series R X Tokal R Z Z

—== " ohms %ﬁlg‘. Ohms (alc. Heas.
lated

0.40  TT.5 4.7 2 38 182 40 195 194
0.80  93.0 9.5 2 14 118 18 119 116
0.40  93.2 4.7 g2 38 192 130 232 233

L 0.80 132.0 9.5 92 14 118 106 159 165
0.40 223.0 4.7 446 38 192 484 520 558

0,56 300.0 6.5 446 25 164 471 497 536

G@ﬁﬂﬁﬁﬁ@ﬁ%iyfit is seen that a méhﬁaﬁ.haa,bﬁam;é&valapad
for the computation of the impedance af & ferro-reasctive
eireuit at any value of effective currsat, or conversely, s

ferro-reactive circuit can be designed to have a desired



o3

impedance at a partiealar current vslus.
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V. THE FERRO-REIOMANT CIRCUIT

A. Resonant Voltage

Bouation (48) assumes for & serles circuit of R, L, and

o £
] J;‘-r (wD.acel, *@'—}eﬂ’—r— L)

I and E being vms values. The possibility exlsts that the
second term under the radical may go to saéa at some value
of I. At this point the denominator is small and the aarrent
abruptly increases. & clrenilt, ineluding e ferro-reactor, in
which this happens ls ssid to be ferro-resonant, becasuse of
the similarity of the properties to frequency resonance.

Suech eireults have sasumed considerable importance in
the last fifteen years and an analysis for the lmportant
eircuit properties would be a desirable application and test
of the ferro-reactance relations developed.
| One of the important eircuilt values, useful either for
design or operation, is the voltage st which the resonant

current Jump takes place. Bince.

we {49)

Z = \}f€%+<pabzmmdb4§§9:——i )L ’

and the usual definition of resonance places the reactive



8-

terms equal Lo zero, then at resonance:

/Qaﬂf, -
UJDM 7 R= wC

1weeb ,kaNIR__._ .

Y w?D

Cols }‘9‘%}&" wDec

-
I = C;ﬁ[,i‘]b erd” (w'de) (6)

where I, is the current at resomance. It is not readily
possible to measure this current, since before it is reached
the current rises to a higher value. The voltage 1s, however,
practically constant through this range and ean be readily
measured 2s the resonant voltage By of the cirouit.

At resonance, since the rosctance is zero, the total
voltage sppears across the eireuit resistance. Therefore:

E,-TeR

(57)
where R is made up of the circult resistance plus the

affeactive reaistance @;‘ the reasckor or:

K= Kx *“{’?J; (58)

Using reactor #1 in ‘»wrias with a v&viahié resistancs

and a capacity C, data were taken to check the wvalus of
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resonant voltage given by equation (57). Table 30 presents
these data and Pigure 235 is a plot of the results.

TABLE 30
Resonant Voltage vs. Capacity Required
Reactor #1 - 156 Turns

Measured Computied
2 2 Re
c Ry DO cosh™Y(#DC) I, BRe mmz R
Mfds. ?ﬁts ﬁhﬁs l( miis Ohms E%&s

16.7  39.5 48.5 1.46 0.93 0,58 23  T1,5 41
25.0 52,5 48,5 2,18,  1.42 0,88 12  60.5 53
41.7 68.5 48,5 3.64 1.97 1.22 T  55.5 &8
50,0 75.0 48.5 4.37 2.16 1.38 6 54,5 T3

B. Valune of Capacity Required for Resonance

Using eguation (57):
F = R Co»a,Ld(w'ch)
R alN. Lt
for the resonent voltage with R = Ry+ Ry, and solving for
the value of capacity:

2 = ,ﬁ;_a,/yf,g
w DC ol ————-——-—,?j

w D R farads. (59)
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This value of capacity will resonate with & resctor having
constants D, k, aé Kand 1 in & ecireult of total resistance

R at a voltage HEn.

. Clvrcuit Ferformance

Assume & geries circult using reactor #1, with capacity

C of 25 miarafaraés, and external resistance Ry variable.
Equation (49) permits the caloulation of the ecircult impedance
at any value of current. The constants of reactor /1 are:

N - 156 turns

D - 0.614

1 - 13.18 iaah&s

A -~ 1.87 sq.inches

a - 0.275

k- 0.6 .
Figure 24 shiows the cgleulated variation in impedance

of ‘this cirenlt for various values of external cirouit re=-
aiai;ané&jfg{ o Hinimm 'immiianea, actually only the value of
the remaining resistance, is reached at resonant current.
Figure 25 1s a plot of the ‘computed voltage across the
cireuit for various values of external resistance. The dashed
portions of the turves having negative slope cannot be experl-

mentally realized, as the current jumps directly across on the
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path indlcated by the arrows. Appsrently this jump sterts at
the point at which the magnitude of the negative rate of
change of impedance exteeds the rate of change of current.

7 As the external resistance in the cireuit is increased
this jump becomes less, and at some value of rasiat&nes the
curve of voliage against current has no jump but ﬁa&s have an
inflection point, with s single point having a bangent of zero
gslope. At valuss of resistance above this the infleataen_
peint disappears, as for the curve Ry = 98. The curve for

By = 50 has a small jump, so the curve for the inflection
point would apparently have external Ry 81ightly greater than
50 ohms.

For values of small resistance, the jump does not occur
at the same value of voltage for ineressing as for decreasing
voltage. The ocurrent in this region is multi-valued. The
amount of externsl resistance which just permits resonance
without multi~valued current, or the value produeing the curve
with a single point of zero slope, is called the critical re-
sistance Ry of the cireult. For many control applications the
poasibility of two current vaﬁ%ss iz undealrable, so that the
value of critical ra&i&ﬁans&a&ﬁ@a}ﬁ b& known, in order that the

extarnal reaiatanneéguy bawkayt g%aat@r An value than Ry.
ff%&%ﬂg@ fﬁ%_@%ﬁﬁ%ﬁs values of external

B. are plat€$§;$a‘¥§gura‘ﬂﬁ.; %&are is a very marked agreement,

especially injgﬁﬁﬁ&s of - v@;taga 4t which the current jumps

&
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TABLE 33
mleulated Cireuit Voltsge, FPorroe.resopant Olreuis

foactor #1, € = 88 Mieroforadn

I,,m %x&axﬁml =0 m@wml B = 40 Externsl ® = 50 %‘mwm}; R= 98
z Erm grm z %s 2 Ema
000 120 0.0 144 0.0 149 0.0 i1 0.0
0.0 130 15,0 147 14.7 183 183 185 - 18.8
0.20 124 24,8 144 28.8 158 30,8 184 36.8
0,30 110 3540 133 50,8 159 41,9 176 52.8
Q.40 e 56 .8 115 48.0 izl 484 158 85.6
0.50 e 56,0 28 49,5 ioe 51.0 142 71.0
0.80 53 31.8 79 4744 a7 5R.28 130 76,0
0,70 a8 £25.8 68 45,8 78 B85 180 84,0
0.80 i8 14.4 &8 dd 40 65 5840 113 90.4
0.90 iz 10,8 53] 4848 62 55,8 116 eﬁ%;ﬂ
1,00 1g 19.0 53 53,0 62 82.0 109 10.9
1.20 40 48,0 63 750 73 B5.0 114 13.%

o6
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D. Value of the (ritical Resistance

The critical resistence of a ferro-resonant circuit 1is
that value of exbternal cireuit resistence which will produce
a volt-ampers relation with a point of inflection with zero
slope, and without multi-values for the current. The voltage

can be axpressed ass

E= T J)R%(whart Aatr_ ) (60)
: : Y we
and for this curve the point of inflscetion will have:
d E
= = O
AT (61)

Before taking the derivative it 1s necessary to write R
as a funection of I, since R includes the effective resistance.
From {52) the effective ragiatane@ ia:

ﬁ%/ = KN L RN
g/ or Ve
Adding to this the external resistance R, of the cireuit, in-
cluding éh@ copper resistance of the reactor, and writing
reactor weight as w:
f? ﬁ? + Kﬁ/Vur + I Nw
j?—-

Lumping the constant terms together as Rg:

R = Ro + ZA}_W (63)

(62)
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The voltage equation (60) then becomee:

E= Tyt S99 (wpwg dote )= (60

wc

Then applying the condition of (61):

= 4E. [(@a it (D A 1 Y] E

1
+I{[m.,+ %1)4_ (w DM”E_{.(LV:T—E’-E)Z] .

[(ﬁo‘r %W)(_ %_g_?r)-(wl)ﬂﬂcﬁz Aanr. *L)‘@“’D“Nwﬁa”l’,ﬁ@ﬁlalvr][
(o v e (ot gz -

— Ro K Nw K Nw
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- The last two terms reduce to

R, (R, + %W)

=0 (65)
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and writing ‘i%’:-r = < for simplification:
(wDaecls st - L, ) = wDA skt Az Bt (w Dascli Aot~ 7 )

+ R, (R + xﬁw) = 0 (65)

This 13 a quadratice in the net cirecuit reactance and therefore

hag a solution:

(wDanets - L)

=W D/&o(ﬂ‘cb&dwoznl i-\[[wDaQol,a.upr(MLQz)x:. "fﬁo(}eﬁ"' %w)
2

(67)
This indicates, in general, two values of the reactance
for which dE/4I = 0, unless the radieal is zero. The curves
of Figures 25 and 26 support this. For large R, the valus of
the radieal .{,ﬁ imaginary hence no real values of reactance for
dE/dI = 0 aere possible. This ies illustrated by the curves for
98 and 68 offs external resistance. |
f%ﬁgﬁe? ’ " ﬁ@r the mg;as with the point of inflsction
having dE/AI = O, the &améé«f the radical mast be zero.
Ayplys.ng ﬁhig wrx&itigg results in two muatims
 (wDhe b il ) R (R il )
0 Daad b - oy, = BES wnbh Amnd e

e

H

et
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These equations can be put into terms of sinh and cosh:

A
Lofeiid) s vnler )

L . wl by and b
whascl) Rt~ — 2 T (69)

Substitute (68) into (69):

QJD"“‘ZJ’Q“’(—L(J;C = \Jﬁaz"’ fC’DI(,IVW
LI

= f\)o K, Nw
' T 717 (70)

Equation {70} states that at this point the resctance is a
funetion of the ecircult resistance. Fo usual cirouit values,
dE/4I is zero practically at the point at which the circuit
reactance equals the fixed resistance R,. /

Returning to (68):

wD/a-wQJ,@o(—a}L o Wl s ok hy

¢~ 2 Cod "4 (69)
Z = 2 a0y boe - Aok aiid B
DG_ el B
‘2 - 2 C{f-\—a/'go‘-‘ aﬁ;d Aw-a.' ,ﬁ,o{ (?1)
w?*DcC wv‘@n‘( ‘

The left hand side of this eguation is caloulable from

eircuit constents. ?:i.gare 27 4s a plot of the function:

- R czm—ﬁ;,&o( Ao aeid Lol
Conl 2R A
against values of /ﬁo(ﬁ By computing the left side of {71),
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entering the curve at the value obtained for the abeve
 funetion, the value of Ad may be read from the curve.

, The value of I may be secured from /2( by a knowledge of
the constants of the iron

(/&9()1
I = Yy (72)
Prom (68):
P aud B\ kN
(wD daehid) o g, (o _Z}ﬂ)

mey be written:

2 . >
+ KNEow_ L [.,D »wa/@o() _ |
R, T ¥ (w TR o (73)

and this may be solved as & quadratie:

K = 'kNW:I:\/ ’“N“’) w D Jet i B>

ey (74}

ks shown below, (74} for practical problems will reduce

to:
R - WD 4ot aiid Ad
Figare 28 1is a plot of the funection:
Kok il Ao

against J%x’ ?rn&ftﬁﬁ value af,lzx obtained above, and the
value of I from ﬁﬁﬁﬁﬁi@ﬂ,i?ga the value of R, may be determined.
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TABLE 35

The Punctions 2.208h Kol ~kol sinh kol .4 k< sinh k<
cosh® I cosh® k o¢

coshe k« T oosh? k =
0.00 1,000 0,000 0.000 2,000
Q.32 1,062 0.326 0.088 1.808
0,64 1.220 0,685 0.294 1,358
0.80 1.340 0.888 0,395 1.095
0.86 1.800 1.114 0.476 0.858
1:12 1.696 1,369 0.5631 D646
l.28 1.937 1.659 D568 . 2.4685
1.60 2.578 2.376 D.8672 0,588
1.92 3.484 B BE7 0.528 Q2875
m:mﬁu @u\ﬂ%@ &;@g Qw#mw@ @tmg
£2.88 8,935 8.879 0322 0.112

The value of external cirecuit Ry is then found from:
\7u R, - % I, >\ w

Values larger than this must be used in the ferro-resonant
circuit to insure single-valuedness for the ocurrent.

The valus of Ry may be caleulated for the circuit previ-
ously used, consisting of reactor /1 and a capacity of 25
microfarads. For equatlion (71}):

2 Z .,
w*DC ~ 377%*x 0.6ty x 25 %10
= 0.91%
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By use of Figure 27 the value of k< is found %o be 0.92 from
which by eguation (72) the current at the inflection point is

found to be: _
T = 9918 x 13.15

05 X 0.273 X 156

= 0.572 am peres
Use of Figure 28 ylelds for k< = 0.92, a value for the

funetion /g‘o( . ':Uﬂu(
' | Crnle “h A

of 0.81. Then equation (74} results in:

‘? —0.213%x 156% 6.9 8) -~ L -
= 213 RISE Xb.
l o 13.15 X O0.57 * L x Xe.q + 232)(0.9)

: ' 13.1€ X 0.5°72

Z

- —3o.} + J 900 + [3%00
2 \
Since the negative aign has no significance and all the

terms are negligible excfégt the term 13800:

K, = "—;_f = 59 ohms
The external Ry to be used in the clrcult 1s, for a ecircuit
copper msi@anm of B ohms:

R, = 59- ¢~ (-0.00 24) 156 % 6.9
/3.5

Rx = stz ohms .
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Or, more direectly by uase of (75) and Pigure (28), with
B = 0.92, and wD = 232,
- 232 X o.51

Ro= Z2LOT o 5o

[\)x = &2 ohms as before
By reference to Pigures 25 aund 26 it can be seen that a curve
for R equal to 58 ohms would gilve a curve very close to the
correct location for the curve with the infleetion point
having zeroc slope. This substantiates the theory developed
in this and precedlng sectlons.



VI. VALIDITY OF THE CONSTAN? INDUCTANCE ASSUMPTION

As mentioned In the introduction, it has been ocustomary
For many yeers to assume ferro-inductance a cireuit constant,
and the ferro-reactive voltage drop in a~c circuite as

proportional to the current as in:

—r

E.. i (wt+e)= wlaTl. cc. w?
4 @efinition for inductance when using effestive current

and voltage is‘ﬁsa&lly obtained from:

EL = UJL,__Z_’
o
LQ - E. (77)
w I

These aquations are obviocusly impossible if inductance is
considered & function of current and therefore of time, as
aetually'geagrs in an a=c a&reaik;} Bouation (77) also requires
inductance to be a funection of frequency, which does not agree
with the usual physieal concepts of inductance. 4 linesr
voltage~current relation for a ferro-roactor is implied in (77)
and such a relation is freely used in the caleulation of many
a=c éiraai%s contalning ferro-reactors without regard to the
truth of the implication. It is now possible to deterrine why.

and to what extent the assumption of constant L can be supported.
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source voltage. Thils results in a current peak.
in experimental check of equation (78) was possible with
data taken from Table 21 for reactor 71. From this dats, the

reactive voltage can be obtained by use of:
= z >
IX=I[z~Rr" (79)

and is plotbed as the xuliﬁ‘lina of Figure 30. The reactive
voltage drop calculated from equation (78) is presented as
the daghed line of thils figure and good agreement with the
theory is shown over most of the range.

Equation (79) is an expression of Kirchkoff's law, using
T as the effective value of a sine wave egquivalaent in effective
Jvaiue to the dilstorted wave present. This use of I is asu ap=
proximation which becomes seriously in error for high barmonle
percentages, such as ocour for operation over the peak of
Pigure 29. Tﬁa,%a&k of agreement between measured and caleu-
1&#@& éﬁﬁﬁta@ voltages at the higher values of Figure 30 may
wallkb@ due t§‘$h9 use. of I ss an equivalent sine wave ocurrent,
in ealculating X from (79).

Up to values of about five ampere turns rms 9§r ineh, the
é%@ump%imn of linear resctive drop is not difficult to support.
nggéﬂmrggpa to Figure 2, it can be seen that five ampere turns
rms per ineh would place the peak of the megnetomotive foroce
wave below the knee of the magnetization curve. If greater
magnetizing forees are used, the sssumption of constant L

hecomes dAifficult to support.
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It has been assumed and experimentally supported that:

X’- LA)DM/%:—%‘/E

and then:
E, = IX= wDI ud 42

By (77)

L.e':‘ EL = wDI’M"@gf
wI w I

Then for effective values of current and voltage

L o= D .aecd /&;Wf (80)

However from {25) far instantansous current values.

Z_ = D el ?igg’ , (81)

Forzero current these expressions become equal to D and

for reactor #1 D has a value of .614 henry.

| Ir (?V} were assumed to hold, then Ly would be the slope
of the volt-ampere curve. An approximete value of Lg Obw
§%1n§é from the average slope of the linear portion of Figure
30 gives for reactor #1:

L ___E_-__z doo = 0,59 hen-r73
7wl 377X 045

This value for Lg ehecks well the theoretlical value of 0.614
henrys obtained for this reactor from (25).

Since Lg 3involves rms current and L instantaneous eurrant'
there will be no agraamenk between the two 1nﬁnchsncaa exoept
at zero current. The comparison of the expresaions does,

however, show the place of the factor k in the welghted
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average arrived at over a current cycle with a certain value

of rms current ‘flewiagi
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TABLE 36
The Fanetion .. X
ixo(
k< cosh ko ke
: » cooh k«
0.00 1.000 0,000
0.32 1,052 0.304
Cebd 1.220 0.585
0.80 14340 0.507
0496 1,800 0,640
1,18 1.696 0.860
1.28 1.937 0.661
1.60 2,578 0,622
1.082 5.484 04551
2,24 4,750 0471
2.88 8.038 0.322
TABLE 37

Reactive Voltage Drop, Resstor #1 - 156 Turns

Computed (77} Yeasured &
I o I HY E p4 Rg X
amps. IX volts amps. volts ohms obms volte
0.17 37 .4 0.20 2.4 46,0 250 50 45
0.34 67.7 U.30 Sx6 68.5 228 48 &7
0.51 868.5 0.40 4.7 805 201 39 79
.67 94,2 0.50 8.0 87 « 3 175 53 573
-84 93.6 0.80 Tl 80.0 180 24 89
i.03 88.0 0470 843 98.0 131 b %:] a1
1.18 T9.4 0.80 95 94.0 118 16 93
, Cu.00  10.7 88.0 106 13 94
1,00 11.9 96.2 96 11 94

# Data from Tables 21.
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VII. SUMMARY

The field of f@rraéinduatanc@ hes been much neglected
for many years. This inveatigation was instituted in an
attempt to develop methods which would make ferro-induct ive
circults as susceptible of analysis as circults with constent
paramoters.
The work has led to the development of an acourate em~
pirical equéti@n for the magnetizatlion curve of a steel.
This sqaatian has been applied in predicting the induetanca
of a ferro-inductor at any value of current, and methods have |
been developed for the measurement of this inductance, these
methods checking the theory clossly. |
The equation for ferro-inductance has been generslized
into a relatl
ﬁémaatal aviégpaa has been obtained to support the

wgfb@ effective ferro-reactance by an assumption,

and/extf

valiﬁiﬁy of the asa&”fﬁisn‘ lethods were also developed for

aaleulatigﬁ the affsetiva resistance of an iron~cored reactor.
: Applicetion was then made of Loth of thease developments in
' 631¢31ating the impedance of cirecuits containing ferro-

. tors, and the results were again well supported by ex-

perimental evidence. The latter calculations have apparently
never been possible before,

inother application of ferro-reactance was made to the

;,3e~résenant cireuit, and simple relations for resonant
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voltage, capacity required, and the value of the critiesl
resistance developed. These were all checked by experiment
to a satisfactory degree of accuracy. 4dnalytic methods for

these solutions were not previously available in simple form.

e gl



117

VIII. SBLECTED REFERERCES

1. Barton, J. P. BEmpirical Eguation for the Magnetlszation
Curve. Trans. ALEE v 52 1933 p 653-664.

2. Becker, G, P, and Van Orstrand, C. E. Hy;_mr‘bolié
Functions. Smithsonian Mathematical Tables.
#ashington, D. C,, Smithsonian Institution, 1931.

3+ Boyajlan, A. Mathematical Analysis of Ron-linear Circuits.

 G. B, Review v 34 1931 p 531-537, 745-751.

4, Charlton, 0, B. and Jackson, J. B, lLosses in Iron Under
Action of Superimposed A-C and D-C Exeltation.
Trans. ALEE v 44 1925 p 824- 829,

' 5 {}mkhai&, S5« Lo Law of Magnetization. Irans. AIEE v 45
1926 p 1013=- 1031,
6. Graaville, W. A., Smith, P, F., Longley, W. R. Elements
T+ of the Differential and Integral Caleulus. Rev. Ed.
~ p“M35% Wew York, Ginn and Co., 1941.

7. Hama, C. R. Design of Reactances and Transformers Which
Carry D=C, Trans. AIEE v 46 1927 p 155-158,

8. Keller, E. G. Beat Theory of Non-linear Circuits.

g J. Prank. Inst. v 228 1939 p 319-337.
§ ‘.?:. ~-===-=~, Resonance Theory of Series Non-linear Circuits.

J. Prank, Inst. v 225 1938 p 561~ 577.

10, Lemson, H. W. A Method of Neasuring the Magnetic Properties
of Small ﬁg;iﬁ};l&& of Transformer Laminations.

Proc. TRE v 28 1940 p 541-548.



1i8

11. Lippelt; H. The Magnetic Hysteresis Curve.
Trans. AIEE v 45 1926 p 395~410.
12, Martienssen, 0., Uber Neue Resonanzerscheinungen in
| Wechselstromkreisen. Phys. Zeit. v 11 1910
P 448-460.
13. Gdassy, P.D, and Weber, E, Critical Conditions in
Perro-resonsnce. Trans, ALEE v 57 1938 p 423-431.
14. Rader, L.T, and ILigscher, E.G. Some Aspects of
Inductance When Iron is Present. Trams. AIEE v 63
1944 p 133-139.
'15. Ryan, PF,C. Status of FPrequency Doublers in Radio
Practice. Proc. IRE. v 8 1920 p 509-524.
16. Santi:ra, Re.l. 3&3&&*&1@ Reluctiyity Relationship.
| U.S. Bur. Stds. Soi. Paper v 21 1926 p T43-T55.
17. Sults, C.G. smaias in FNon-linear Circults.
iy Trma. AIEE v 50 1931 p 724-736.
18, #-. -<w===. A Voltage Selective Fon-linear Bridga.
% Pwaica v 1 1931 p 171-181,
13. Summers, C.M. kmathe&a‘&ieal Expression of a Saturation
Curve. Q:E. Review. v 36 1933 p 182-185,
", 20. Thomson, W.T. Resonant Non-linear Comtrol Circuits.
_ 'Erans. AIEE. v 57 1938 p 4»69-4?6.
21, -==e--==, The Generalized Solution for the Critical
Conditions of the Ferro-resonant Parallel Cirocuit.
Trans, AIEE v 58 1939 p T43-746. |



119

22, wme-mw-=, Similitude of Critical Conditioms in Ferro-

‘ resopant Circuits. Trans. ATEE v 58 1939 p 127-130.

23, Wilhelm, #., T, HMeasuring Inductance of Colls with
Superimposed Direect Current. Bell Lab. Rec. v 14
1935 p 131-135. ;

24, Z%emneck, J. Dle Transformation eines Wechselstrome auf
doppelte Wechselzahl mit Hilfe eines ruhenden
Transformators. Ann, Phys. und Chemie. v 69 1899
p 858-860,

25¢ wmemem==, Contribution to the Theory of Hagnetic
Frequency Doublers. Froc. IEBE. v 8 1920 p 468-492.

‘ '“wﬁ



120

IX.  ACERONLEDGEMENTS

The writsr wishes té express his agprﬁaiat ion to
Professor W. L. Cassell, for helpful nggastim and en-
éaurpgamt, to Professor B. S. Willis , for making available
certain special laboratory equipment, and to Dr. W. B. Boaat
and other members of the staff of the Eiwt;rimi Engineering
Department for thelr suggestiona and interest. |




21

X. VI?A

Author: John Douglas Ryder
Faether's name: John Bdwin Ryder
“Mother's maiden name: Ilucy ¥ay Rider
Date and place of birth: ¥ay 8, 1907, Columbus, Ohio.
Elementary and high schools attended:
‘aﬁrgndviw Heighta, Columbus, Ohio.
Universities attended:
The Ohio State University, Columbus, Ohio.
Case 3chool of Applied Science, Cleveland, Ohio.
Iowa St;a%:a_ College, Ames, Iowa
Degrees: Bachelor of Electrieal Engineering, Ohio State |
University, 1928,
Master of Science, Ohlo State University, 1929,
Pield of Sﬁae‘muaghmm - Electrical engineering, electronics
and communications.
Professor in charge of major work: Prof. W. L. (assell
Doctorel committee: Prof. W. L. Cassell
Dr. . B. Boast
Dr. E. W. Anderson
Dr, L. T. Barls



©

O o o gﬁ v B

e éﬁ o =

HOR e o W

=
P

Y

XI.

122

APPENDICES

Appendix A- Symbols

Constant of a steel
Area

Flux density
Constant of a steel
Constant of a steel
Capacity

aﬁﬂnﬁg

1081

RHS voltage

Instantaneous voltage

Peak voltage

Ep 108
‘aBnK

 Magnetizing force

RES current
Instantaneous én@yaﬁg
Welghting constant
Galvanometer constant
Iron loss conatant
Iron loss conatant

Inductance

£ 2 ] R N x & #F W

Eﬂmber of turns
Resistance

Copper resistance of
reactor

Effective reslstance
Critiecal resistance
Constant resistance term
Circuit resistance 1§as Re
Watts

Welght

&aae&anee

Impedanes

aNi/l or aNI/1
Galvanometer deflection
Intrinaic induction
angalar frequency
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Appendix B

The Gudermannian Function

X gd X x gd X x gd x
0.00 C.000 o 2.00 1,308 / 769 4.00 1.534 149
0,10 04200 07 2,10 1.327 077 4420 1.54Xc 207
_0.20 0,199 § 440 2,20  1.350 o0%° 4,40  1.546 =v3
0.30  0.296'5 59° 2.30  1.37x0 97 4460 - 1.58%0 693
0,40  0.390729 79/ 2.40  1.390¢755° 4,8 1.55¢ 237
0.50 0.480 /- 2,50 1.407°¢ ‘" 5.00  1.557 3%
0.60  0.5676 7*° 2.60 1‘43/;’; e 5.20  1.5609 76>
0.70 0,649 3 77% 2,70  1.437¢ 5¢ 5.40  1.5627 26>
0.80 0,726 10 2,80  1.449 1 ° 5.60  1.563 Yol
0.90  0.798 «° 2,90  1.48Y ob/ 5.80  1.588 7!

- i {'f s 5
1.00 0.868 ° 7°_ 3,00 1.471 3°7 6,00 1.566 43’
1.0 o.928 '’ 3,10  1.48Y 6 75 ¢ oo 1,57k 796
1420  0.936 02255 (7% 3,20 1,489 2/7 |
1.30 1,039 8 655 3,30 1,497 067
1.40 1.387 0¥ 25° 3,40 1.504 77
1.50 1.132 ' 7% 3,50 1.510 ¢4*°
1,60  1.172 357  3.60  1.516 /é°
1.70 1.209  4/7  3.70 1.581 307
1.80 1.243 e 3.80  1.526 ot
1.90  1.27¢ 7 g0 3.90  1.530 37
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